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Abstract-- The paper develops a special air-gap element based 

on the analytical solution of Laplace equation combined with 
standard finite elements, for analysis of electrical machines with 
rotor skew. It has been implemented for the analysis of a surface 
permanent magnet machine. The results obtained have been 
compared to the ones of a standard 3D finite element model and 
are in good agreement with the measured ones. 
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I. INTRODUCTION 

special air-gap element based on analytical solution of 
Laplace equation combined with standard 2D finite 
element techniques has already been proposed [1], [2], 

[3]. Slot skew consideration by 2D FEM models has equally 
been performed by using simultaneous solution of "shifted" 
rotor positions [4], [5]. Moreover, appropriate 3D models 
enabling skew effects consideration in electrical machines 
have been developed [6], [7], [8]. The present work extends 
the technique presented in [1] by conveniently combining 
coefficients corresponding to the analytical solution of 
Laplace equation of the slot skew width in order to use only 
one 2D configuration for skew consideration. 

II. 2-D HYBRID FEM-MACROELEMENT FORMULATION 

A. Air-gap macroelement matrix structure 
In the air-gap of electrical machines, the magnetic field 

distribution is governed by Laplace equation as the magnetic 
permeability is constant and there are no current sources. So, 
in case of two dimensional cylindrical coordinate system the 
general solution in terms of the vector potential, by using the 
method of separation of variables is of the form                 
A(r,θ) = Rλ(r)·Θλ(θ), where λ is an arbitrary constant and can 
be expressed by the following relation [1] : 
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where B0, C0, D0, E0, Bλ, Cλ, Dλ, Ελ are arbitrary constants. 
The periodic function A(r,θ), expressed in terms of Fourier 

series decomposition by (1), can equally be decomposed as 
follows: 
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where αi(r,θ) are functions of r and θ, Αi  are the nodal values 
of A in the air-gap and ntot is the total number of nodes 
situated on the air-gap boundaries.  

The calculation of constants in (1) can be performed by 
using the compatibility between functions αi(r,θ) and standard 
finite element shape function across the air-gap boundary 

The function of minimization equation of the air-gap energy 
is defined as follows:   
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where μ0 is the air permeability, Ωg is the air-gap area and Γg 
is the external boundary of the air-gap.   

Finally the system of equations to be solved can be written 
in matrix form: 

[S] [A] = [F]                                  (4) 
 

where [S] is the stiffness matrix, A is the matrix of unknown 
vector potential nodal values and [F] the source matrix. 

The standard finite element stiffness matrix is band while 
the nodes surrounding the air-gap (macroelement part) form 
locally a full coefficient sub-matrix with terms of the form: 
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Fig. 1. Realistic skewing representation in 3D model 

 

 
Fig. 2. Skewing conception of 2D multi slice model 

B. Multi-slice 2D Model 
Two dimensional analysis of slot skew in electrical 

machines has already been introduced by using simultaneous 
two dimensional solutions (slices) and forcing the currents to 
be the same for all of them [3], [7]. Such a technique for the 
case of a rotor with surface permanent magnet with skew    
(Fig. 1) is schematically represented in Fig. 2.  However, by 
this technique, an important number of slices may be 
necessary to appropriately represent skewing, while the total 
number of unknowns of the system of equations to be solved 
simultaneously is increasing proportionally with the number 
of slices. That is why special spectral analysis for interface 
conditions in the air-gap has been proposed, in order to reduce 
the number of necessary slices to be considered [11].  

C. Macroelement for  multi-slice consideration 
In order to illustrate the special analytic element 

(macroelement) approach for magnet skewing accounting, let 
us consider the case of only two slices in a first step. The 
respective systems of equations can then be written in matrix 
form: 

[S1] [A1] = [F1]                                  (6) 
[S2] [A2] = [F2]                                  (7) 

 
 By adding (6) and (7) a new system of equations is 

obtained. As the standard finite element terms of the stiffness 
and source matrices are identical for the two slices, for a node 
i without macroelement term contribution the equation can be 
written:  
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where jtot is the total number of nodes belonging to the same 
element with node i. However, if the node i involves 
macroelement contributions the stiffness matrix terms are not 
identical for the two slices, that is why the respective equation 
is of the form: 
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where ,  are the terms of sub-matrices for the nodes 

surrounding the air-gap (macroelement part) while ,

1g
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iA  

are the nodal values of the vector potential in the air-gap for 
the slices one and two respectively. 

Equation (9) results from the summation of relations (6) 
and (7) for the nodes involving macroelement terms and 
indicates that the sum of contributions of the macroelement 
stiffness matrix terms for the two slices must be zero. This is 
due to the fact that the air gap region has no current sources 
and the respective source terms fi vanish. This procedure 
corresponds to consider one unknown per node (representing 
the sum of the nodal values of the vector potential for the two 
slices) for all nodes surrounded by standard finite elements 
and conserve two unknowns per node for the nodes on the 
macroelement boundary. The additional equations to consider 
(for the nodes on the macroelement boundary) concern 
conservation of energy flow across neighboring nodes, that is: 
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              (10) 
This technique can be generalized in the case of n slices 

involving one unknown per node for the standard finite 
element part and n unknowns per node for the nodes on the 
macroelement boundary. 

III. RESULTS AND DISCUSSION 
The procedure described previously has been applied to 

model a 2.5 kW, 24 pole, permanent magnet machine 
prototype shown in Fig. 3.  

 
   a 

 
                           b 

Fig. 3. One pole part of the permanent magnet machine constructed. 
                  a: Field distribution at no load  
                  b: Field distribution at full load 
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Fig. 4. No load voltage of permanent magnet machine without rotor skew  (2D 
FEM one slice simulation) 
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Fig. 5. No load voltage of permanent magnet machine without rotor skew 
(measurement) 

Fig. 7.  Flux density distribution in the middle of the air gap at no load  
(Comparison of 2D and 3D FEM simulations) 

 
 

 

 
In a first step no rotor skew has been considered and the 

field distributions computed by the two dimensional one slice 
methodology proposed under no load and full load operating 
conditions are shown in Figs. 3a and 3b, respectively. The 
simulated and measured voltage time variations  are  shown  
in  Figs. 4 and 5, respectively. These figures show that the 
simulated and computed results are in good agreement. 

In a second step the rotor skew has been considered. The 
proposed 2D hybrid technique has been applied by using five 
slices and the obtained vector potential distributions in the air-
gap under no load conditions are shown in Fig. 6. In this 
figure the angular shift of the field with rotor rotation can be 
observed.  a 

Moreover, the field in the machine has been computed by 
using a 3D FE representation. Figure 7 gives a comparison of 
the simulated flux density distribution in the middle of the air-
gap without rotor skew by standard 2D FEM simulation and 
the same distribution obtained by a 3D simulation. The two 
results are in relatively good agreement while the smaller 
values of the 3D analysis are due to the end effects.  

 

 

b 
Fig. 8.  No load distribution of air-gap radial magnetic flux density 

(3D fem simulation, a: without rotor skew, b: with rotor skew) Fig. 6. Vector potential distribution in the air gap for five slices and mean 
value computed by the method proposed  
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b 
Fig. 9 Magnetic field distribution at no load (3D fem simulation) 

a: without rotor skew                    b: with rotor skew 
 
 
In addition the skewed machine 2D simulation has been 

performed by using the proposed hybrid technique. The same 
case with rotor skew has been equally simulated by a 3D FEM 
model and the results are compared in Fig. 7. In this figure it 
may be noted that the results of the hybrid 2D method 
proposed are in good correlation with those obtained by the 
3D one.  

The detailed flux density distribution in the air-gap with 
and without rotor skew obtained by the 3D FEM model is 
shown in Figs. 8a and 8b, respectively. The corresponding 
distributions of magnetic field in the machine are shown in 
Figs 9a and 9b. 

I. CONCLUSION 
In this paper, rotor skew in electrical machines has been 

considered, by using 2D finite element representation of slices 
combined to an appropriate air-gap element based in 
analytical solutions. This method involves a reduced number 
of unknowns and is compatible with the 3D FEM analysis. 
Simulation results have also been compared to experimental 
ones concerning a permanent magnet machine prototype. 
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